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o F(x) =225  cix a function over Fan.
° ac 3.

o A, F(x):= F(x+ «) — F(x) (Discrete derivative of F in direction «).
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o F(x) =225  cix a function over Fan.
° ac 3.

o A, F(x):= F(x+ «) — F(x) (Discrete derivative of F in direction «)

F is APN over Fan if the equation

ALF(x)=p
has at most 2 solutions in Fon for all «, 5 € F5, x Fon.
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@ p a prime number.
@ n > 1 an integer.
n_1 .
o F(x)=> 0" cix!

is a function over .
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@ p a prime number.

@ n > 1 an integer.
°o F(x)=Y""tq

x" is a function over Fpn.
F is said to be generalized APN (GAPN) if the equation

ZF(x—f—ia):,B

icF,
has at most p solutions in Fpn for all o, 8 € Fpn X Fppn.
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Generalization to odd characteristic

@ p a prime number.
@ n > 1 an integer.

n_q . A
o F(x) =" cix'is a function over Fpn.

Generalized APN (GAPN) (Kuroda and Tsujie 2016)
F is said to be generalized APN (GAPN) if the equation

ZF(x—i-ia):ﬁ

i€k,

has at most p solutions in Fpn for all a, 8 € Fppn X Fpn.

® Yier, F(x +ia) = F(x 4+ a) + f(x) = F(x + a) — f(x) = AaF(x).
o GAPN = APN.
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*
For o € Fpn,

> Flx+ia) = (8a)PVF(x).
i€Fp
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*
For o € IFpn,

3 F(x+ia) = (8a) P VF(x)
i€Fp

VaoF(x) = Z F(x +ia)
icF,
is the generalized derivative of F in the direction a.
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The algebraic degree of F(x) =

p"-1
i=0

n—1
dega(F) := max{

u=0

cix' is defined by:

Zau|0§au<p, CE

ro P 7 0} :
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Algebraic degree
The algebraic degree of F(x) = 25’;51 cix' is defined by:
n—1
deg(F) := max {uz::o a,|0<a,<p, Syt # 0} .
Proposition
Va € Fpn,
dega(VoF) < dega(F) — (p — 1).
In particular, if dega(F) = p then, Va € F

oy dega(VoF) < 1.
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The algebraic degree of F(x) = Zf;al cix' is defined by:

n—1
degA(F) -= max {Z du | 0 S au < P, CZZ;; aup! # 0} .

u=0
%
Vo € IFP,,,

dega(VaF) < dega(F) — (p —1).

In particular, if dega(F) = p then, Va € Fy, dega(VaF) <1.

If F is GAPN over Fpn, then dega(F) > p.
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algebraic degree p:

F(x) = Z fix" € Fpn[x]

We call Generalized Dembowski-Ostrom (GDO) polynomials, homogeneous polynomials of

» 45>
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© Monomial

© Multinomials (p is odd)
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F(x) = x® over Fpn where
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F(x) = x® over Fpn where

{4 3
e=) kip', 0<k<p-1, > ki=p, YO<i<{
i=0 i=0
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F(x) = x© over Fpn where

¢
e:Zkipi, 0<k<p—1,
i=0

V4
i=0
°
Fl = K 3XE2H1x51+1x50




F(x) = x© over Fpn where

L
e:Zkipia OSkISP_]‘7
i=0

L
k,' = p, V0 S i S J4
i=0
(]
F(x) _ X3><52+1><51+1><5°
o Va € F, (n > 3)

2 1 0_p2 g2 2 0_pl gl 2 0_50 50
VaF(X) — _3a3><5 +1x5"+1x5°-5 X5 _ 1a3><5 +1x54+1x5"—-5 X5 _ 1a3><5 +1x54+1x5"—-5 X5
2
= —305%x%" — 1a"0x% — 108
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4

A monomial GDO F(x) = x® where e = > kip’ is GAPN over Fn if and only if

gcd(z kiz',z"—1)=x—1 in TFyz].
i=0




o We know that z” — 1 = (z = 1)P" [[ o, d|n Q4(2)P" in Fp[2]
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o We know that z” — 1 = (z = 1)P" [[ o, d|n Q4(2)P" in Fp[z] where

Qd(z) = 11

(z=¢°)
s=1,...,d
ged(s,d) =1

and ¢ € Fpn is a root of unity of order d (d-th cyclotomoic polynomial).
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o We know that z” — 1 = (z = 1)P" [[ o, d|n Q4(2)P" in Fp[z] where

Qd(z) = 11

(z=¢°)
s=1,...,d
ged(s,d) =1

and ¢ € Fpn is a root of unity of order d (d-th cyclotomoic polynomial).
Theorem 2.47) where

@ Irreducible factors of every Qq(z) in F,[z] are of the same degree Oy(p) (Niederreiter

O4(p) :=min({me N* | p" =1 (mod d)}).
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o We know that z” — 1 = (z = 1)P" [[ o, d|n Q4(2)P" in Fp[z] where

Qd(z) = 11

(z=¢°)
s=1,...,d
ged(s,d) =1

and ¢ € Fpn is a root of unity of order d (d-th cyclotomoic polynomial).
Theorem 2.47) where

@ Irreducible factors of every Qq(z) in F,[z] are of the same degree Oy(p) (Niederreiter

O4(p) :=min({me N* | p" =1 (mod d)}).

o Y o kizl = (z—1)"V(z) where V(1) #0 and u > 1
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o We know that z” — 1 = (z = 1)P" [[ o, djn Qa(2)P" in Fpz] where

Qd(z) := II (z=¢°)
s=1,...,d
ged(s,d) =1

Theorem 2.47) where

and ¢ € Fpn is a root of unity of order d (d-th cyclotomoic polynomial).
@ Irreducible factors of every Qq(z) in F,[z] are of the same degree Oy(p) (Niederreiter

O4(p) :=min({me N* | p" =1 (mod d)}).
o Y ¥ gkizl =(z—1)"V(z) where V(1) #0and u>1: Y f okl =X ski=p=0
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e If deg(V(z)) < Og4(p) for all d > 1 such that d divides n, then

V4
ged(> " kiz', 2" — 1) = ged((z — 1)*, (z — 1)P").
i=0
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e If deg(V(z)) < Og4(p) for all d > 1 such that d divides n, then

V4
ged(> " kiz', 2" — 1) = ged((z — 1)*, (z — 1)P").
i=0

If u=1o0or m=0, then

4

gcd(z kix',x" —1) =x — 1.
i=0
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)4 14
F(x)=x% e= Z kip'
i=0

and Z ki=p GDO type over Fpn
i=0
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)4 14
F(x)=x% e= Z kip'
i=0

and Z ki=p GDO type over Fpn
i=0
If n= q{l..qgs (gi are prime numbers).
Q@ n#0 (modp): If¢ < lrg_ig Og,(p), then F is a GAPN function.
<i<s
@ n=0 (mod p) : If£§1

min
i

Og,(p) or n = p*, and if the multiplicity of 1 as a root
<i<s, qi#p
in Y2¢_o kix' € Fy[x] is equal to 1, then F is a GAPN function.
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4 L
F(x)=x% e= Z kip'
i=0

and Z ki=p GDO type over Fpn
i=0
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[ ¢
F(x)=x% e= Z kip'
i=0
Condition :

and Z ki=p GDO type over Fpn
i=0
there exist 0 < /,j < £ such that ky; # 0 and koj1 # 0.
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4
F(x) = x¢

¢
=0
Condition :

and Z ki=p GDO type over Fpn
i=0
there exist 0 < /,j < £ such that ky; # 0 and koj1 # 0.
If n=2N %0 (mod p) where N > 3 is an odd integer s.t
-

N =q2..q and ¢ < m|n (O) (p),
then F(x) = x© is a GAPN function over F
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2
P F(X) — x3P +a1p+ao,

a+ai+a=p,
@ n=p*x N where @ >0 and gcd(N,p) =1

and 0 < a,a;1,a9 < p— 1 function over Fpn.
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2
P F(X) — x3P +a1p+ao,

a+ai+a=p,
@ n=p*x N where @ >0 and gcd(N,p) =1

and 0 < a,a;1,a9 < p— 1 function over Fpn.

F is GAPN over F» if and only if af # al’ or (ag = a2 and o = 0).
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2
P F(X) — x3P +a1p+ao,

a+ai+a=p,

and 0 < a,a;1,a9 < p— 1 function over Fpn.
@ n=p*x N where @ >0 and gcd(N,p) =1
F is GAPN over F,n if and only if a) # a) or (ap = a and a = 0).
such that n # 0 (mod p).

The functions F(x) = xP*+(P=20P+i where j € {1, .., %1} are GAPN over F,» for every n > 3
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@ Monomial

© Multinomials (p is odd)

«4Or «F»

«4Er» 4«
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N 1
F(x) = Z fix®, di= ZdiJPj GDO over Fpn.
i=1 j=0
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N I
F(x) = Z fix®, di= Zd;Jpj GDO over Fpn.
i=1 j=0
Vo € Fpn,
where

e .
VaF() =" g (a)x”
j=0

i=1

N .
é’j(F)(a) =Y —difia® P, je0,4]
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Theorem (McGuire and Sheekey 2019)

Let F(x) = Y¢_o fi.xP" a F,-function over F,» where f; # 0 and fy # 0. F has p’ roots in Fpn
if and only if CW(F).CP)(F)..CP")(F) = I, where :

0 0 0 —(g)p
c®)(Fy = |1 ° 0o (&) e Foxt
0 :
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Theorem (McGuire and Sheekey 2019)

Let F(x) = Y%, fixP' a IF,-function over Fyn where f; # 0 and fy # 0. F has p’ roots in F
if and only if CW(F).CP)(F)..CP")(F) = I, where :

00 0 —(%)p‘
_ (6"
c®)(Fy = |1 ° o (%) e Fix*
0 .
00 1 ()
Remark :
o det(C(F).CCI(F)..CP" )(F)) = (1) Npn/p(£2)
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Theorem (McGuire and Sheekey 2019)

Let F(x) = Y%, fixP P a IF,-function over Fyn where f; # 0 and fy # 0. F has p’ roots in F

if and only if CO(F).c(p )( )..CC" D(F) = I, where :

0 0 o —(&)
1 pi
c®)(Fy = |1 ° o (%) e Foxt
0 :
Remark
o det(C(F).CON(F)..CL" (F)) = (=1)* Ny p(2)
o det(C(F).CP)(F)..C")(F))) #1 = CW(F).CO(F)..CP"I(F)) # Iy

17/19



A = x(P=d)p*tdp 4 AxkPP—k,

1<k d<p, AeFs

«O>» < Fr <= «
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F(X) — X(p—d)p2+dp + >\XkP+P_k,

1<kd<p, AeF}
If Np(A%) # 1, then f is a GAPN function over Fyn. I
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F(X) — X(p—d)p2+dp + >\ka+P_k7

1<kd<p, AeF}
If Np(A%) # 1, then f is a GAPN function over Fyn.
integer n > 3.

F(x) = x(P=)P*+ip _ xiptp=i \where j € {1,..,p — 1} is GAPN over F,n for every odd positive
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Summary and future direction of research

— What we've done :

@ New classes of monomial GAPN functions, (Up to Generalized Extended affine
equivalence : Kuroda and Tsujie 2016)

@ New classes of multinomial GAPN functions, (Up to Generalized Extended affine
equivalence : Kuroda and Tsujie 2016)
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Summary and future direction of research

— What we've done :

@ New classes of monomial GAPN functions, (Up to Generalized Extended affine
equivalence : Kuroda and Tsujie 2016)

@ New classes of multinomial GAPN functions, (Up to Generalized Extended affine
equivalence : Kuroda and Tsujie 2016)

— Future work :
e Find other new GAPN functions.
@ Find possible applications in cryptography and coding theory.
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